IN order to distinguish between the combinatorial properties of finite simplicial complexes and the topology of compact polyhedra and compact manifolds it is necessary to consider infinite simplicial complexes, non-compact polyhedra, open manifolds, and algebraic Kand L-theory. The classic cases are the Milnor Hauptvermutung counterexamples of non-combinatorial homeomorphisms of compact polyhedra, the proof by Novikov of the topological invariance of the rational Pontrjagin classes, and the structure theory of Kirby and Siebenmann for high-dimensional compact topological manifolds. The open manifolds arise geometrically as tame ends: in the applications it is necessary to close them. The obstruction theory for closing tame ends of open manifolds is also the obstruction theory for deciding if a finitely dominated space is homotopy equivalent to a finite C W complex. The finite domination properties of infinite cyclic covers of finite C W complexes are of particular interest. In fact, every finitely dominated space X is homotopy equivalent to an infinite cyclic cover of a finite C W complex (see Section 4 for a proof).
Dejnition 1. A topological space X isjnitely dominated if it is a homotopy retract of a finite C W complex, i.e. if there exist a finite C W complex K, mapsf: X + K, g : K + X and a homotopy af-1:X-X.
The Wall [20] finiteness obstruction [X] E K,(Z [rci (X)]) of a finitely dominated space X is such that [X] = 0 if and only if X is homotopy equivalent to a finite C W complex.
The finite domination properties of infinite cyclic covers of finite C W complexes are of particular interest. In fact, every finitely dominated space X is homotopy equivalent to an infinite cyclic cover of a finite C W complex (see Section 4 for a proof).
Here is how infinite cyclic covers of finite C W complexes arise in geometric topology. A tame end E of an open n-dimensional manifold W has a finitely dominated neighbourhood v c W which is an infinite cyclic cover of a compact n-dimensional manifold F', the "wrapping up" of s with Vx R 2 vx S' c Wx S '. It is possible to express V as a union v' u V-with V' n v-a compact (n -l)-dimensional manifold and v+, v-finitely dominated, with rri( v') = rrl (v-) = n1 (p) = n,(c). The end obstruction of Siebenmann [14] is the finiteness obstruction [E] = [V'] E K",(Z [rri(s)]), with [s] = 0 if (and for n 2 6 only if) the tame end can be closed.
In this paper the Novikov rings of formal power series will be used to obtain a homological characterization of finite domination for an infinite cyclic cover of a finite C W complex. In [ 131 this characterization will be applied to the study of fibre bundles over S', fibred knots, the bordism of diffeomorphisms and open book decompositions. In [S] Algebraic K-theory decides if a finitely dominated space is homotopy equivalent to a finite CWcomplex. Homology with coefficients in the Novikov rings decides if an infinite cyclic cover of a finite C W complex is finitely dominated. Theorem 1 is proved in Section 5 by an application to the cellular chain complex C(z) and the group ring A = Z [7~] of the corresponding characterization of finite domination for a finite finitely generated (f.g.) free A [z, z-']-module chain complex C valid for arbitrary A.
By definition, C is A-finitely dominated if and only if it is A-module chain equivalent to a finite f.g. projective A-module chain complex. It is known from the work of Wall [20] However, the proof is best understood in terms of the topology of infinite cyclic covers of compact spaces. The two conditions in Theorem 1 arise as follows: by the C W analogue of manifold transversality it is possible to decompose the infinite cyclic cover X of the finite C W complex X as a union X = X' u X -of infinite subcomplexes X+, X-c X with X' n Jim finite and n,(X+) = q(d-) = q(X) = n.
ii-
The cover X is finitely dominated if and only if both X ' and X -are finitely dominated. Example. The universal cover of S' is S' = Iw with
H*(S'; Z((z_'))) = H*(l -z:E((zY'))+Z((z_'))) = 0 since 1 -z~Z[z, z-'1 becomes a unit in Z((z)) and H((z-')) with
A compact n-dimensional manifold M with a finitely dominated infinite cyclic cover ti is a potential fibre bundle over S '. The manifold M is a fibre bundle over S' if and only if A? = c*[w for a Morse function c: M -+ S' with no critical points. Farrell [3] and Siebenmann [17] formulated the obstruction to M being a fibre bundle over S1 as an element to be regarded as a fibering obstruction. The following corollary verifies this conjecture, and clarifies the precise relationship between the two fibering obstructions. It will be proved in detail in [13] .
COROLLARY. Let M be a compact n-dimensional manvold with q(M) = z x Z. The infinite cyclic cover A = i@;il?l of M isJinitely dominated ifand only ifH,(M; Z[A]((Z))) = 0, in which case the natural map W%(TT x if) + Wh((n x Z)) sends the Farrell-Siebenmann Jibering obstruction Q(M) E Wh(n x Z) to the Pazhitnor Fibering construction z(M; Z [YT]((z))) E Wh( (x x Z)), and O(M) = 0 ifand only ifz(M; Z [n] ((z))) = 0. Thus, ifn;i isfinitely dominated z(M; Z[n]((z))) = 0 if(andfor n 2 6 only if)Jib res over S ', as proved in [lo] using S '-valued
Morse theory.
Idea of Proof: The h [7c] ((z))-coefficient homology is such that H,(M; Z [x1((z))) = 0 if and only if H,(M; Z[TT]((Z-I))) = 0,
by PoincarC duality and the universal coefficient theorem. The natural map wh(n x Z) + Wh((n x Z)) is the projection sending one of the %-factors in the Bass decomposition of Wh(n x Z) to 0:
and the two %-components
The fundamental group of a connected infinite cycle cover x of a connected space X is the a-twisted extension of nl(x) by the infinite cyclic group Z, 7cl(X) = 71&Y) x,H with c( = c, : 7~~ (x) + q(x) the automorphism induced (up to inner automorphisms) by a generating covering translation [ : 8 + 8. For the sake of simplicity, we shall only be concerned with the untwisted case a = 1, x1(X) = n,(x) x Z, but all the results obtained here extend to the general case with arbitrary a, subject to the additional hypothesis that A~@) is finitely presented.
ALGEBRAIC TRANSVERSALITY
The homological characterization of finite domination is an application of an algebraic theory of transversality for chain complexes over polynomial extensions, which mimics the existence of compact fundamental domains for infinite cyclic covers of compact manifolds.
The infinite cyclic covers x of a space X are classified by the homotopy classes of maps c:X + S', with
The connected covers J? of a connected space X correspond to maps c with c* : x1(X) + n, (S') = 2' onto, in which case the fundamental group exact sequence of the fibration 8 + XL S' expresses x1(X) as an extension of x1(_%) by Z:
(1) +n~ (8) Proof: Choose bases for C, let D, E,f; g be as in the statement of algebraic transversality above, and set
so that C+ n C-= E. 0
THE MAPPING TORUS
The mapping torus is a homotopy model for a space with an infinite cyclic cover.
Definition 4. The mapping torus of a self-map f: X + X is the identification space
with canonical infinite cyclic cover the two-sided mapping telescope
An infinite cyclic cover of a space X corresponds to a mapping torus in the homotopy type of x. 
T(fs) + T( cd-); (Y? t) + (g(Y), t).

HOMOTOPY FINITENESS
Finitely dominated spaces are topological analogues of f.g. projective modules, which are the direct summands of f.g. free modules. The difference between the homotopy types of finite and finitely dominated C W complexes is precisely the difference between f.g. projective and f.g. free modules.
An infinite cyclic cover 8 of a finite C W complex X is an infinite C W complex; in general, it is not even homotopy equivalent to a finite C W complex.
A finite Eg. free A [z, z-']-module chain complex C is not finitely generated over A, and is not in general chain equivalent to a finite f.g. projective A-module chain complex. 
WALL FINITENESS OBSTRUCTION [20]. A connected C W complex X is jinitely dominated (resp. homotopyjnite) ifand only ifthe fundamental group n,(X) isjinitely presented and the cellularfree Z [rrl (X)]-module chain complex C(x") of the universal cover 2 is chain equivalent to afinitefg. projective (resp.free) Z [x1 (X)] -module chain complex. If X isJinitely dominated the reduced projective class of any Pnitefg. projective Z [x1 (X)]-module chain complex P in the chain homotopy type of C(x"): is the finiteness obstruction, such that [X] = 0 if and only if X is homotopy finite.
SIEBENMANN END OBSTRUCTION [14]. An open n-dimensional manifold W with one tame end E admits aJinitely dominated cocompact closed neighbourhood of the end X c W with x1(X) = nl(e). The end obstruction of E is dehned to be the finiteness obstruction of any such X,
C&l = ~-u~~O(~C~1(~)1)~ The end obstruction is such that [E] = 0 E k,(Z [rtl (E)]) if (and for n 2 6 only if) W is the interior of a compact n-dimensional mani$old.
It is clear that every homotopy finite space is finitely dominated. In the simply connected case nr(X) = (1) every finitely dominated space X is homotopy finite, since R,(Z) = 0. A simply connected space is finitely dominated if and only if it is homotopy finite, and there is a standard homological criterion for homotopy finiteness in this case.
PROPOSITION 4 (Milnor (unpublished) and Spanier [18, Exercise 8.G.51). A simply connected C W complex X is homotopy finite tf and only if the homology H,(X) is a fg.
Z-module.
Likewise for nilpotent spaces, we have the following proposition.
PROPOSITION 5 (Mislin [8]). A nilpotent space X is finitely dominated if and only if the homology H,(X) is afg. Z-module.
BANDS
Definition 6 (Siebenmann [16] ). A band is a finite CW complex X with a finitely dominated infinite cyclic cover X. 
ALGEBRAIC FINITE DOMINATION
Dejnition 7. A finite f.g. free A [z, z-']-module chain complex C is A-jnitely dominated
if it is A-module chain equivalent to a finite chain complex of Eg. projective A-modules, in which case it is a chain complex band.
Example (Cayley-Hamilton, Milnor [7] ). If F is a field then a finite Eg. free If h : P + P is an automorphism of a f.g. projective A-module P then z -h : P( (z)) + P( (z)) is an automorphism, with inverse
(z-h)-' =(-h)-lj~O(h-lz)':P((z))+P((z)).
Warning: this is deJinitely false if P is not $g. 
j=-mk=-03
A finite tg. free A[z, z-']-module chain complex C is chain equivalent to the algebraic mapping torus
of the A-module automorphism [: i!C -+ i!C; x + zx of the infinitely generated free A-module chain complex i!C. If C is A-finitely dominated then i!C is A-moduled chain equivalent to a finite f.g. projective A-module chain complex P with an A-module chain equivalence h: P + P such that C is A[z, z-']-module chain equivalent to T(h). Since P is f.g. projective it is possible to identify Hom,&P((z)), p((z))) = Hom& P)((z)).
Similarly for A ((z-') ). The following is an example of an infinite cyclic cover of a finite C W complex which is not finitely dominated.
Example (Milnor [7] ). If X = S' v S2 then X = [w u Z x S2 is not finitely dominated, since X is simply connected and H2(X) = Z[z, z-'1 is not a f. 
ENDS OF COMPLEXES
The proof of Theorem 2 will now be related to the chain complex properties of tame ends, as promised in the Introduction.
Given a space W let W"= wu(a3} be the one-point compactification. given by algebraic transversality, with C+ n C-a finite f.g. free A-module chain complex.
